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Abstract 

This paper investigates the approximation behaviour of the 
- c u t  based fuzzy interpolators. First, it is shown that the 
so-called KH fuzzy interpolator is a fuzzy generalization of 
a well-known and thoroughly investigated parameterized in-
terpolatory operator from approximation theory, the Shepard 
operator. Exploiting the aforementioned relationship, we es-
tablish analog results on the approximation rate of KH con-
trollers. The optimal order and class of approximation (satu-
ration problem) are determined for certain parameter values. 
Corresponding results on the MACI method, being an im-
proved version of the KH interpolator, are also provided. 

1 Introduction 

Universal approximation theorems on soft computing tech-
niques (see e.g. [2, 17] for fuzzy systems, and [4, 5] for 
neural nets) have been usually criticized due to their solely 
existential nature [6]. In the recent past, there arose an ef-
fort to give constructive proofs, or to determine the number 
of "building blocks" (antecedents or rules in fuzzy, hidden 
neurons in neural terminology) as a function of the accuracy 
(see e.g. [1, 9, 10, 18]). Naturally, to obtain such results 
one has to restrict somehow the set of continuous functions, 
usually requiring some smoothness conditions on the approx-
imated function. In approximation theory, the optimal order 
of convergence is called the saturation order, and the subset 
of continuous functions which can be approximated with the 
specified order is termed the saturation class. Hitherto, sat-
uration classes and orders have not been determined for soft 
computing techniques. 

In this paper we determine saturation order and classes for 
a-cut based fuzzy interpolators, namely for the stabilized KH 
interpolator [16], and for stabilized MACI (Modified Alpha-
Cut based Interpolation) interpolator [15]. These fuzzy in-
terpolators are the input-output functions of corresponding 
fuzzy rule based interpolation technique, having been pro-
posed to provide an inference mechanism suitable for rule 
bases containing gaps. 
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2 KH and Shepard interpolators 
The saturation problem of a-cut based interpolators is solved 
in two steps. First, it is proved that the stabilized KH in-
terpolator is, in fact, the fuzzy generalization of the Shepard 
operator. The fuzziness of the conclusion is also determined 
in terms of the fuzziness of consequent sets. This statement 
is crucial in order to exploit the results obtained for Shepard 
interpolator in the case of KH interpolator. 

Let us turn now to describe KH and Shepard interpolators. 
The original KH method was introduced in [7]. It creates 
the conclusion by means of its a-cuts based on the Extension 
Principle and the Resolution Principle. For every a value of 
the breakpoint level set, it determines the conclusion as 

(I) 

where Ai and Bi (i = 1, ... , n) denote the antecedents 
neighbouring the observation A*, and the corresponding con-
sequents fuzzy sets, respectively. C E {L, U}, where Land 
U refer to the lower and upper extreme of the a-cut. Fi-
nally, the function de : R x R ...... [0, +oo) is an appropriate 
lower/upper distance function (cf. [8]). If n = 2, the ap-
proach is termed linear interpolation. 

In [16], the stabilized version of the KH interpolation is 
introduced, when we take Ath power of the distance, where 
the exponent A is not smaller then N, the dimension of the 
antecedents: 

(>. :::=: N); (2) 

or with the formalism of approximation theory 

1 

(3) 

In [16], the universal approximation property of K~(f, x) 
was proven. From now, we mean the stabilized KH interpo-
lator (2) on the term "KH interpolator". 
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Here we note that MACI interpolator [15] tailors the con-
clusion as a finite sum of KH interpolators. Therefore, con-
sidering also the lack of space, this paper is confined to in-
vestigating the KH interpolator. 

The Shepard interpolation method was first introduced in 
[I 1] for interpolation scattered spatial measurements. Beside 
the application oriented usage of the formula, an increasing 
interest has arisen from mathematical researchers to examine 
its approximation property. In this context Shepard operator 
is defined as 

s>..(f ) = E~-o f(x;)(x- x,)--' 
n ,X ~n ( _ ·)--' , 

~i=O X x, 
A> 0, n = 1, 2 ... 

(4) 
for an arbitrary f E C[O, 1], where x; (i = 0, ... , n), in gen-
eral, denotes the nodes (measurement points) of the equidis-
tant distribution ofthe domain [0, 1). We recall that fixing the 
domain to the interval [0, 1] does not mean any restriction. 

The properties of the (4) operator was widely investigated; 
see e.g. [3, 12, 13, 14]. 

3 Main results 
As it was shown in [16], for a fixed a E (0,1) and C E 
{L, U} the input-output function of the (stabilized) KH in-
terpolator, K~(f, x) coincides with the Shepard operator. 
Therefore, we can consider the family of K~(f, x) functions 
as a generalization of the S~(f, x). 

Here, we aim at clarifying, what is the nature of this gen-
eralization, how approximated functions for various a and/or 
C values differ. It is obvious, that the family of KH functions 
tailor the same function, if all involved fuzzy sets are crisp. 
In the next, we investigate how the conclusion depends on 
the fuzziness of the antecedents and consequents. 

First, let us only assume that the modulus of continuity of 
the approximated function f: [0, I] _. R is known: 
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the two farthest point of the interpolated conclusion. The 
superscript (n) refers to the knot point system consisting of n 
points. Then 

n ~(infB;0)Cnl+w{f,n- 1 )) 
;~ d ((sup AO)Cn), (sup A;0 )Cfi) ) 

n 

?:1 d>-((supA0)Cn},(supA;o)CnJ) 
J= 

~ (inf B;o)Cn) 
i~ dX((inf A(i) (n), (inf A;o) (n)) $ ~~n,_~--~~~--~~~ 

j~ d-"((inf A0)C" },(inf A;o)Cnl ) 

n (inf B i o) (n) 

;~ d>..((sup A0)(n) , (sup A;0 )(n)) 
n 

j~ di((supA0)Cn},(supA;0 )CnJ) 

S w(f,n-1 ) 

(7) 
As n converges to zero, and the measurement points are uni-
formly distributed, the support of antecedents and observa-
tion fuzzy sets should also vanish due to the condition of their 
ordering. Therefore, the two expressions of distance become 
identical, hence the absolute value of the difference of the 
fractions vanishes. 

The obtained result means that the maximal difference 
between two operators in a family of KH interpolators is 
bounded by the modulus of continuity of the approximated 
functions, and this value can be theoretically arbitrary large. 
Observe that the result only depends on the estimated sup-

w(f,n-1
) = max if(x)- f(y)j. 

z,yE(O,l( 
llz-yii:Sn- 1 

(5) port size (6). However, it is not very reasonable to model 

Due to the uniform distribution of the measurement points 
we can estimate the difference of the adjacent points by n - 1. 

Therefore, we can estimate the support of a consequent 
fuzzy set, or in other words, its fuzziness by: 

(6) 

Note, that this is a very rough estimation. We can sharpen it 
easily under certain circumstances to be discussed later. 

Let us estimate now the difference of two K~(f. x) oper-
ators. The largest difference appears when the minimum and 
the maximum of the support are calculated. That is when 
a = 0 is fixed, and C = L and C = U, respectively. 

Let 

~n (' f B )Cn) 1 
(n) _ ~i=l m iO d>-((inf A0)Cn l ,(inf A;o)C" l ) 

KI - n 1 
Ej=1 di ((inf A0)Cnl ,(inf A;o)Cn) ) 

~n ( B· )Cn) 1 
(n) _ ~i=1 sup •0 d>-((supA0)CnJ,(supA;0 ) (n l) 

K2 - ~n 1 
~j=1 d>-((sup A(i) Cn l ,(sup A;o) C" l ) 
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a significant change in the approximated function with only 
one consequent fuzzy set. Therefore, the rough estimation of 
(6) and (7) can be improved, if we suppose that antecedents 
and consequents are fuzzy numbers modelling the measured 
input-output samples of the approximated function. In this 
case we can set the consequents' maximum support length to 
8, being e.g. the margin of error of the measuring tool: 

xp1f(supp(Bi)) 5 8. 

With analog reasoning as in (7), we can get 

lim jK(n) - K(n) j < 8. 
n-oo 1 2 -

(8) 

Based on the previous thoughts we can state the following 

Proposition 1 Under the uniform distribution of measure-
mm! points, the fuzziness of the conclusion of the stabilized 
KH interpolator is bounded by the maximumfuzziness of the 
consequent fuzzy sets, ifn, the number of measurement points 
tends to oo. 

Because of Proposition 1, the theorems for Shepard op-
erators are convertible for the KH (or MAC!) interpolators, 
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bearing in mind that all derived results have an uncertainty 
factor due to the fuzziness of the consequents. 

The approximation property and the saturation problem of 
the Shepard operator were investigated for various >. values 
in [3, 12, 13, 14]. Here we recall the theorem of Szabados 
[14], which gives a complete analysis for all>. ~ 1. When 
>. < 1, the operator does not converge for all f(x) E C[O, 1), 
so it is of no interest for our investigations. 

Theorem 1 [14] The approximation order of the operator 
S~(f,x) is 

llf(x)- S~(f, x)ll = 

Now, we can establish saturation order and class for KH 
interpolator. 

Corollary 2 The best approximation order of the KH inter-
polator K~(f, x) (1 ~ >. ~ 2) is 

{

O(n-1), 

lif(x)- K~(f, x)ll = O(n1-.x), 
O(log-1 n), 

if>.= 2, 
if! ~ >. < 2, 
if>.= 1, 

on the class ofthefunctions f(x) E Lipl, if f(x)further 
satisfies the conditions (13), and for >. = 2 (14), and fur-
thermore if the measurement points are uniformly distributed, 

{

0 (w(f,n-1)), 

O(n1-A) Jl~n r.Xw(f, t)dt, 
O(log-1 n) f1

1;n r.xw(f, t)dt, 

if>.>2 
if!<>.~ 2 
if>.=l 

(9) and the input is one dimensional. 

for any f E C[O, 1). 

From Theorem 1 it is obvious that if f(x) E Lip 1 and 
>. > 2, then the saturation order is 

llf(x)- S~(f,x)ll = O(n-1). (10) 

Analog results hold for MACI interpolators. 

4 Conclusion 
In this paper we derived optimal rate of convergence for a-
cut based fuzzy interpolators. The achieved results exploited 
the connection of Shepard and KH interpolators. We deter-
mined for >. > 2 the saturation class and order for KH in-
terpolator, and we got best approximation error estimates for 

In fact, as it is proved in [12], (1 0) holds if and only if f ( x) E 1 ~ >. ~ 2 case. 
Lip 1. Furthermore 

llf(x)- S~(f,x)!l = o(n-1 ), (11) References 
if and only if f(x) = const. Thus the saturation problem is 
completed for >. > 2. 

If>. = 2, even with f(x) E Lip 1 Theorem 1 gives only 

llf(x)- S~(f,x)ll = 0 Co!n). (12) 

This result can be improved to 0( n -l) under stronger re-
striction on f(x): 

Theorem 2 [14] If f'(x) E [0, 1) and 
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